o 
o 



o 

(N 

en 
> 



o. 

o- 

:^: 

Oh! 

rt ■ 
^: 



% 



Generalized GHZ-class and W-class concurrence and entanglement vectors 
of the multipartite systems consisting of qubits 
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We propose two classes of the generalized concurrence vectors of the multipartite systems consist- 
ing of qubits. Making use of them, we are able to, respectively, describe and quantify GHZ-class and 
W-class entanglement both in total and between arbitrary two partite in the multipartite system 
consisting of qubits. In the case of pure state of three qubits that one partite is separable, it is shown 
to exactly back to the usual Wootters' concurrence after introduce a whole concurrence vector. In 
principle, our method is applicable to any A'^-partite systems consisting of A'^ qubits. 

PACS numbers: 03.67.-a, 03.65.Bz, 03.65.Ud 



Quantum entanglement lies at the heart of quantum 
mechanics and is viewed as a useful resource in quantum 
information. At present, there are three most promising 
ideas for quantifying entanglement. They are the entan- 
glement of formation Q,Q{, the relative entropy of entan- 
glement H and the entanglement of distillation 0, 3 for 
bipartite systems. In particular, via Wootters' develop- 
ment |5| , the entanglement of formation is written as a 
binary entropy function of the density matrix or concur- 
rence for a pair of qubits. 

Since Bennett et. aTs work [g , the measures of entan- 
glement in multipartite systems have attracted a lot of 
attention and achieved some developments. One of them 
is that a kind of form of concurrence of three qubits was 
suggested Q. 

Recent years, based on the above ideas of the entangle- 
ment measures, we have tried to put forward to the gener- 
alized entanglement of formation (GEF)|31 and modified 
relative entropy of entanglement (MRE) in multipartite 
systems Q- Moreover, we also study the obvious ex- 
pression of concurrence [l3 and t he g eneral solution of a 
4x4 Hermit and positive matrix [111 in order to seek for 
a general expression of concurrence of multipartite sys- 
tems consisting of qubits. However, it is still difficult to 
find out such a form of concurrence of many qubits since 
involving amount of calculations. 

Usually, for simplicity, the entanglement of multipar- 
tite systems is thought of a single scalar. However, be- 
cause that three qubits can be entangled in two inequiv- 
alent ways and one class state of them can not be ob- 
tained from another class state via. any local operation 
and classical communication (L0CC)[l3, we can think 
that the entanglement measure contains or divides two 
parts: GHZ-class and W-class ones. In addition, the en- 
tanglement between arbitrary two partite also need be 
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known in practise. Thus, in our view, it is better to use 
the vectorial and class-related measures to quantify the 
entanglement of multipartite systems. Therefore, in this 
letter, we propose two classes of generalized concurrence 
vectors of the multipartite systems consisting of qubits, 
which are functions of the density of matrix. Making 
use of them, we are able to, respectively, describe and 
qualify GHZ-class and W-class entanglement both in to- 
tal and between arbitrary two partite in the multipartite 
systems consisting of qubits. In the case of pure state 
of three qubits that one partite is separable, it is shown 
to exactly back to the usual Wootters' concurrence after 
introduce a whole concurrence vector. In princple, our 
method is applicable to any iV-partite system consisting 
of N qubits. 

Let us start with the concurrence of two qubits 0, la] ■ 
In terms of so-called magic basis, one can rewrite the 
entanglement of formation for a pure state j-^) = a|00) + 
&|01) -I- c|10) -I- d\ll) as a binary entropy function 



H{x) = — .Tlogx — (1 — x) log(l — x), 
1 + VT~C^ 



where C is called as "concurrence" , and 



C = 2\ad-bc\ 



(la) 
(lb) 

(2) 

The idea of Wootters' work Q is just to take such a 
binary entropy function as a measure of entanglement 
for mixed state and obtain a method to calculate correct 
concurrence so that this binary entropy function depen- 
dent on C is not larger than J^iP^^Epipf) for any pure 
state decompositions p^ = J2iP^Pi ■ Wootters gave out, 
for the mixed state p of two qubits, the concurrence is 



C — max(Ai — A2 — A3 — A4, 0) 



(3) 



where the A^, in decreasing order, are the square roots 
of the eigenvalues of the generation matrixp^'^pp^'^ = 



P 



1/2 



((72 (Xi o'2)p*(o'2 <8i 02) p^^"^, and p* denotes the 
complex conjugation of p in the computation basis 
{|00), |01), |10), |11)}. Alternatively, one can say that the 
\i are the square roots of the eigenvalues of pp. 



Wootters' formula of concurrence makes use of what 
can be called "spin flip" transformation. For a general 
state described by a density matrix p in the systems of 
two qubits, this spin-flipped state is defined by 



PA1A2 



(era «'CT2)PAiA2(^2«'Cr2) 



(4) 



One has known that this way can not be directly ex- 
tended to the multipartite systems because the trace of 
pp is zero for a pure state of three qubits. 

In order to overcome this difficulty, we note that a2®<y2 
can be written as a linear combination of Bell's states 
with the weight ±1, that is 



0-2 <Xl 0-2 



4 



\B,){B, 



(5) 



where ci = C4 = — 1, C2 = C3 = 1, and four Bell's states 
\B,) are denoted by, respectively, \Bx) = (|00)-h|ll))/V2, 
\B2) = (100) - |11))/V2, IB3) = (101) + |10))/y2, IB4) = 
(|01) — |10))/-\/2. Therefore, we can rewrite the "spin 
flipped" (tilde) density matrix as 



PAtA2 = E 



C^C■J{BJ\pA^A2\B^)\B,){BJ 



(6) 



It implies that the generation matrix of concurrence 
p^l'^pp^l'^ has the following the important physical fea- 
tures: (1) Its matrix elements are the linear combinations 
of the matrix elements of density matrix on cat state ba- 
sis with the weight ±1; (2) It is just a cat state when the 
p is a cat state; (3) It is a zero matrix when the p is a 
(fully) separable pure state. 

Our physical idea (or assumption) is the above three 
features are kept in the case of multipartite systems con- 
sisting of qubits. However, from the above statement, 
such a concurrence must be a class of concurrence that 
only can quantify GHZ-class entanglement of the entan- 
gled states, which can be seen more clearly later. 

In order to obtain the concurrence of multipartite of 
systems, let's first denote the GHZ's states for iV-qubits 



^'' ^/2V 



'[(J+l)/2]/ + ( 1)* 



'2«-l + [(j+l)/2] 



(7) 



where [ ] means to take the integer part and all of |s^) 
are the familiar spin basis (computation basis). 

Consider the case of three qubits, its "tilde" state 
should be written as 



'P^aIa^a, = E c.Cj(5f|pAiA.A3|5f)|5f)(3: 



(8) 



In particular, for a pure state p = 1-0) (V'|, we have 



Under the requirement keeping the invariance of GHZ's 
states, we have cf = 1, that is, Ci is equal to 1 or —1. 
Set p = |000)(000|, from pp = it follows that ci = -03. 
This is because that |^) becomes (c\\gX) -I- c2|g|))/V2 
and (*|000) = result in cl -I- c2 = 0. Likewise, we 
obtain 



C2i 



-C2^ (i = 1,2,3,4) 



(10) 



Furthermore, when p is a fully separable pure state, 
without loss of generality, we write it by 

|V'.H«i|0)+6i|l))®(a2|0) + 62|l))®(a3|0)+63|l)) (H) 

Thus, from Eq.ljHJ it follows that 

(*|V^) = 2(ci + C3 + C5 + 07)01020361 62^3 (12) 

Based on our precondition, for any fully separable pure 
state, (^IV's) = , it follows that. 



Cl + C3 + C5 + C7 = 



(13) 
-1, C5 = 



It corresponds to three choices: (1) ci = C3 

C7 = 1; (2)ci = C5 = -1, C3 = C7 = 1; (3)ci = C7 == -1, 

C3 = C5 = 1. The others are given by ea. (fTn|l . 

It must be emphasized that p has to he get by a lo- 
cal transformation from, p. Otherwise, it can change the 
quantity of entanglement of the studied state in general. 

Actually, we have found out three local transforma- 
tions which are the direct products of Pauli matrices 

pS'^''(l,2) = (cr2 ® CT2 (^cri)p* ((72 <^ 0-2 0-1) (14a) 
pgli^(l,3) = (cr2 «> CTi (g) (72 )p*(ct2«' 0-1 (8)0-2) (14b) 
pS''^(2,3) = (CTI «) CT2 (g) (72 )P* ((71(g) 0-2 (8)0-2) (14c) 

Because these product of Pauli matrices have forms 



8 

E 

k=l 



ck{i,j)\gl){gl\ {i<j, i,i = 1,2,3) 



(15) 



and their coefficients Cfc(l, 2), Cfe(l, 3) and Ck{2, 3) respec- 
tively correspond to the three choices (1), (2) and (3). 

Therefore, we can define the generation matrices of 
GHZ-class concurrences by 

Mg-{^,J) = p'^'p^^^i^,J)p'/' (16) 

First, consider a pure state p — \'ip){ip\. Because p^ — 



p, then p 



1/2 _ 



p. The generation matrix of concurrence 



becomes Mc — |(^|7/')|-'p. It means that for a pure state 
\ip), its three GHZ-class concurrences are given by 

c!^^^\{^.Ml l*..> = E^fc(*'^')(^l5l)k^) (17) 

fe=i 

For the case of mixed states, we suggest according to 
Wootters's form, without a strict proof, in multipartite 
systems, and then defining the concurrences 



ptA^3 = l*)(*l' \^)-T.^M9!)\9f) (9) Cg'-=max 2Af^(z,j)-E<'(*'^')'0 



(18) 



fe=i 



where the A| ^(i,j) (« < j, i,j = 1,2,3), in decreasing 
order, are the square roots of the eigenvalues correspond- 
ing to the generation matrices M^ ^(1, 2), Mp'^(l, 3) and 

MS''"(2,3). 

We think that the above three concurrences form a so- 
called GHZ-class "concurrence vector" of the entangled 
states. Making use of Cf,^, {i < j,i,j = 1,2,3), we 
can rightly describe and qualify GHZ-class entanglement 
of the entangled states between the partite i and the 
partite j via. defining a GHZ-class measure vector of 
entanglement, whose components are 



E': 



,ghz 



H 



^- 



1 - Cf^'^ 



(19) 



where H(x) is a binary entropy function as Ea. (|la|l . The 
total GHZ-class entanglement measure, as a scalar, can 
be defined as the norm of this entanglement vector 



El 



;hz 



^ghz2 I pgliZ2 



Efr'+Efr+E',, 



gliZ2 



(20) 



Without loss of generality, wc denote a pure state by 



Y.''^\4) 



(21) 



It is easy to obtain that 



^gliz 

0-' 



C: 



13 

rghz 

23 



2\x4X5 + x^Xq — X2Xr — xiXsl (22a) 
21x4X5 — xaxg + a;2a;7 — xi^sl (22b) 
2\x4X5 — x^xq — X2Xi + xixsl (22c) 



Obviously, for the fully separable pure states, they are 
zero. For the general GHZ's states including the non 
maximum ones (for example, a|000)-|-/3|lll)), their com- 
ponents of concurrence vector are all equal to 2|a/3|. 
However, for a general W-state or a general anti W-state: 

\W) = a|001)-t-/3|010)+7|100) (23) 

\W) = a|011)+/3|101)+7|110) (24) 

their above components of concurrence vector are equal 
to zero. It implies that the above concurrence vector can 
not qualify the entanglement of W-class states rightly. It 
is not surprised since our above definition in Eq.®. 

In terms of similar physical idea and calculation 
method, we are able to define the W-class concurrence 
vector. First, we write down 



pW(i,2) 
P^(l,3) 
pW(2,3) 



((72 «> 0-2 <8) cro)p*(o'2 ® 0-2 ® CTo) (25a) 
((72 ® o-Q (8) cr2)p*(o'2 ® CTo (8) 0-2) (25b) 
(cto <Xi 0-2 <8i cr2)/3*(cri (81 0-2 (81 0-2) (25c) 



where we have used the fact that these local transforma- 
tions have the forms 



Y,Mi:J)\Bk{i,j)){Bk{i,j)\ 



(26) 



where \Bk{i,j)) (i < j, i,j = 1, 2,3) are that Bell's states 
of (i, j)-partite product a spin basis of the third sparable 
partite, for example, 



|Si(l,2)) 


= (4) + 


1^^2(1,2)) 


= (4)- 


1^^3(1, 2)> 


- isl) + 


1^^4(1, 2)> 


= (sl)- 


1^^5(1, 2)> 


- (4) + 


1^^6(1, 2)> 


= (sl)- 


1^^7(1,2)) 


= i4) + 


1^^8(1,2)) 


= i4)~ 



4))/V2 



l))/V2 



4) 



(27a) 
(27b) 
(27c) 
(27d) 
(27e) 
(27f) 
(27g) 
(27h) 



and the weights are 



di{i,j) ^-dz[i,j) = -d^{i,j) =dT{i,j) = -1 (28a) 
d2k-i{i,j)^-d2k{t,j) (^<J, z,j = 1,2,3) (28b) 

Therefore, we can define the generation matrices of W- 
class concurrence vector by 



M^i^,J)=p'/'p^i^,J)p'^' 



(29) 



It is easy to obtain that for a pure state \ijj), its W-class 
concurrence is given by 



c^ = l(^..IV'>l 



(30a) 



l*y> = ^dfc(*,j)(^|i?fe(i,j))|Bfe(i,j))) (30b) 
fc=i 

While W-class concurrence vector for the mixed states, 
again according to Wootters' form without proof, can be 
suggested as 



C^ = max ( 2Ar(^, j) - ^ Ar(*, j),0 j (31) 

where the X^{i,j) {i < j, i,j = 1,2,3), in decreasing 
order, are the square roots of the eigenvalues correspond- 
ing to the generation matrices M^(l,2), M^(l, 3) and 
Af^(2,3). Then a W-class measure vector of entangle- 
ment and its norm are just 



ETf = H 



H/rp 



i?W2+^W2+^W2 



(32) 
(33) 



They can be used to describe and qualify W-class entan- 
glement of the entangled states both in total and between 
arbitrary two partite. 

It is easy to get that for a pure state defined by Eq. 121|) 



C{2 — 2\x^x<^ + X4^Xq — XiXj — X2X^\ (34a) 



fc=i 



w 



23 



2\x2X<^ — xiXq + x^x-! — X3X%\ (34b) 

2\x2Xy, — XiXi + XqXj — x^x%\ (34c) 



For the fully separable pure states, they are zero. For a 
general W-state and anti W-state, we have 



and its norm, as a measure of whole entanglement, is just 



Ci^=2|/?7|, Ci^=2|a7|, C^^ = 2|a/3|(35a) 

Cl=2|a/3|, CW = 2|a7|, C^ = 2|/37|(35b) 



E 



They rightly give out the pair of entanglement of the 
general W-states and/or the general anti W-states p^. 
For the general GHZ's states including the non maximum 
ones (for example, a|000) +/3|111)), their components of 
W-class concurrence vector are all equal to 0. Again, 
note that the fact that GHZ-class concurrence vectors 
of the general W-states or the general anti W-states are 
equal to zero, we think that these results imply that our 
classification to be useful and correct. 

It must point out that both C^^^ and C^ do not exactly 
describe the partially separable states in general. As a 
example, considering the state (j/i|00) -|-y2|01) -l-yallO) -I- 
2/4III)) (g) (asjO) -t- 63II)). In terms of our concurrences, 
its non-zero components of concurrence vectors are 



C- 



ghz 
12 



2|yiJ/4-2/22/3|(2|a363|) 



C12 = 2|yiy4- j/22/3|(k 



(36a) 
(36b) 



the others components are zero as expected. In order to 
exactly back to the usual case of two qubits at least for 
a pure state, we introduce the whole concurrence vector 



-,ghz 



w 



^'' E.U\4{a) 



cr+c. 



lia)\+2\akia)bkia)\) 



(37) 



where i y^ j ^ k, i < j, and Aq and ak{a)\0) + bk{a)\l) 
are respectively the eigenvalues and corresponding eigen- 
vectors of the reduced density matrix of k partite. Actu- 

and Cj^ , the above denom- 
can be added either. In our above exam- 
+ 2|a3&3|, and thus C12 = 2|ym-y22/3|- 



ally, in the definitions of C\ 
inator in eg. j 

pie, it is 1 03 + 03 1 + 'Z\a3b3\, and tnus C12 = ^|yiW4 
It is just the same as Wootters' concurrence p. There- 
fore, we can think that the whole entanglement vector of 
three qubits can be defined by 



Eij - H 



^" 



1 



r -2 



(38) 



Ve^ 



^23 



(39) 



For four qubits, we can, in similar way, define 



pshz(l,2)=(a2( 



pSh^(l,3)=(a2C 
psh^(l,4)=(a2. 
psh^(2,3)=(ai. 
psh^(2,4)=(ai. 
pW(l,2)=(a2C 

pW(i,3)=(a2€ 
pW(i,4)^a2C 
pW(2,3)=(aoC 
pW(2,4)=(aoC 



§ (72 (8) en <8l CTi )/9* ((72 <8) Cr2 C 

$ CTi (8) (Ti (g) 0-2 )P* (0-2 <Xl CTl <; 
5 tT2 (Xl Cr2 (g) CTi )/9* (CTI (8) (72 <; 

^a2<^cTi®a2)p*{cTi(^a2i. 
)tT2<8cro'X'Cro)/9*(cr2<8cr2€ 

cro'8)0-2®CTo)p*(cr2'8) o-o€ 

)cro8)cro'8)cr2)p*(o'2 8)cro€ 

)a2®a2®cFo)p*{crQ®a2^ 

)o-2<Xicro(8)cr2)/3*(cro'Xicr2€ 



0-1 (8) (Ti) (40a) 

0-2®cri) (40b) 

0-1(8)0-2) (40c) 

0-2(80-1) (40d) 

~(J2) (40e) 



)o-i 

O-Q' 

0-2 ( 

o-o( 

0-2 ( 

o-o( 



)CTo) (41a) 

5CTo) (41b) 

5CT2) (41c) 

)CTo) (41d) 

)CT2) (41e) 



Further, in terms of the above methods and procedure, 
we can define the two-classes of concurrence vectors and 
then the two classes of entanglement vectors which re- 
spectively quantify GHZ-class and W-class entanglement 
of the entangled states. Obviously, we can extend, in 
princple, our method to any A^-partite system consisting 
of A^ qubits. 

In the end, we would like to point out that our phys- 
ical idea is reasonable and our conclusions are clear at 
least for the pure states. The whole entanglement also 
can be thought of ea. (|39|l when the classification is not 
important. In the case of mixed states, a strict proof 
about the definitions of two classes of concurrence vec- 
tors is expected. It seems to be very difficult since so far 
ones have no enough knowledge about the entanglement 
in the multipartite systems. Alternatively, the numerical 
simulations should be able to be used for revealing and 
analysis the behaviors oi E'^'^^ {i , j) and E^{i^j). Never- 
theless, we will try, in theoretical, to prove strictly that 
our GHZ-class and W-class entanglement measure norms 
are invariant or non-increasing under LOCC. 

This study is on progressing. 
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